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The article [1] provides the notation and terminology for this paper.

1. CARTESIAN PRODUCT OF SETS

In this paperx, x1, x2, y, y1, y2, z, A, B, X, X1, X2, X3, X4, Y, Y1, Y2, Z, N, M denote sets.
Let us considerX. The functor 2X is defined by:

(Def. 1) Z ∈ 2X iff Z⊆ X.

Let us considerX1, X2. The functor[:X1, X2 :] is defined as follows:

(Def. 2) z∈ [:X1, X2 :] iff there existx, y such thatx∈ X1 andy∈ X2 andz= 〈〈x, y〉〉.

Let us considerX1, X2, X3. The functor[:X1, X2, X3 :] is defined by:

(Def. 3) [:X1, X2, X3 :] = [: [:X1, X2 :], X3 :].

Let us considerX1, X2, X3, X4. The functor[:X1, X2, X3, X4 :] is defined as follows:

(Def. 4) [:X1, X2, X3, X4 :] = [: [:X1, X2, X3 :], X4 :].

2. BASIC PROPERTIES OF SETS

We now state a number of propositions:

(1) 2/0 = { /0}.

(2)
⋃

/0 = /0.

(6)1 If {x}= {y}, thenx = y.

(8)2 If {x}= {y1,y2}, thenx = y1.

(9) If {x}= {y1,y2}, theny1 = y2.

1 The propositions (3)–(5) have been removed.
2 The proposition (7) has been removed.
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(10) If {x1,x2}= {y1,y2}, thenx1 = y1 or x1 = y2.

(12)3 {x} ⊆ {x,y}.

(13) If {x}∪{y}= {x}, thenx = y.

(14) {x}∪{x,y}= {x,y}.

(16)4 If {x} misses{y}, thenx 6= y.

(17) If x 6= y, then{x} misses{y}.

(18) If {x}∩{y}= {x}, thenx = y.

(19) {x}∩{x,y}= {x}.

(20) {x}\{y}= {x} iff x 6= y.

(21) If {x}\{y}= /0, thenx = y.

(22) {x}\{x,y}= /0.

(23) If x 6= y, then{x,y}\{y}= {x}.

(24) If {x} ⊆ {y}, thenx = y.

(25) If {z} ⊆ {x,y}, thenz= x or z= y.

(26) If {x,y} ⊆ {z}, thenx = z.

(27) If {x,y} ⊆ {z}, then{x,y}= {z}.

(28) If {x1,x2} ⊆ {y1,y2}, thenx1 = y1 or x1 = y2.

(29) If x 6= y, then{x}−. {y}= {x,y}.

(30) 2{x} = { /0,{x}}.

(31)
⋃
{x}= x.

(32)
⋃
{{x},{y}}= {x,y}.

(33) If 〈〈x1, x2〉〉= 〈〈y1, y2〉〉, thenx1 = y1 andx2 = y2.

(34) 〈〈x, y〉〉 ∈ [:{x1}, {y1} :] iff x = x1 andy = y1.

(35) [:{x}, {y} :] = {〈〈x, y〉〉}.

(36) [:{x}, {y,z} :] = {〈〈x, y〉〉,〈〈x, z〉〉} and[:{x,y}, {z} :] = {〈〈x, z〉〉,〈〈y, z〉〉}.

(37) {x} ⊆ X iff x∈ X.

(38) {x1,x2} ⊆ Z iff x1 ∈ Z andx2 ∈ Z.

(39) Y ⊆ {x} iff Y = /0 or Y = {x}.

(40) If Y ⊆ X andx /∈Y, thenY ⊆ X \{x}.

(41) If X 6= {x} andX 6= /0, then there existsy such thaty∈ X andy 6= x.

(42) Z⊆ {x1,x2} iff Z = /0 or Z = {x1} or Z = {x2} or Z = {x1,x2}.

(43) If {z}= X∪Y, thenX = {z} andY = {z} or X = /0 andY = {z} or X = {z} andY = /0.

(44) If {z}= X∪Y andX 6= Y, thenX = /0 or Y = /0.

3 The proposition (11) has been removed.
4 The proposition (15) has been removed.



SOME BASIC PROPERTIES OF SETS 3

(45) If {x}∪X ⊆ X, thenx∈ X.

(46) If x∈ X, then{x}∪X = X.

(47) If {x,y}∪Z⊆ Z, thenx∈ Z.

(48) If x∈ Z andy∈ Z, then{x,y}∪Z = Z.

(49) {x}∪X 6= /0.

(50) {x,y}∪X 6= /0.

(51) If X∩{x}= {x}, thenx∈ X.

(52) If x∈ X, thenX∩{x}= {x}.

(53) If x∈ Z andy∈ Z, then{x,y}∩Z = {x,y}.

(54) If {x} missesX, thenx /∈ X.

(55) If {x,y} missesZ, thenx /∈ Z.

(56) If x /∈ X, then{x} missesX.

(57) If x /∈ Z andy /∈ Z, then{x,y} missesZ.

(58) {x} missesX or {x}∩X = {x}.

(59) If {x,y}∩X = {x}, theny /∈ X or x = y.

(60) If x∈ X and ify /∈ X or x = y, then{x,y}∩X = {x}.

(63)5 If {x,y}∩X = {x,y}, thenx∈ X.

(64) z∈ X \{x} iff z∈ X andz 6= x.

(65) X \{x}= X iff x /∈ X.

(66) If X \{x}= /0, thenX = /0 or X = {x}.

(67) {x}\X = {x} iff x /∈ X.

(68) {x}\X = /0 iff x∈ X.

(69) {x}\X = /0 or {x}\X = {x}.

(70) {x,y}\X = {x} iff x /∈ X buty∈ X or x = y.

(72)6 {x,y}\X = {x,y} iff x /∈ X andy /∈ X.

(73) {x,y}\X = /0 iff x∈ X andy∈ X.

(74) {x,y}\X = /0 or {x,y}\X = {x} or {x,y}\X = {y} or {x,y}\X = {x,y}.

(75) X \{x,y}= /0 iff X = /0 or X = {x} or X = {y} or X = {x,y}.

(79)7 If A⊆ B, then 2A ⊆ 2B.

(80) {A} ⊆ 2A.

(81) 2A∪2B ⊆ 2A∪B.

(82) If 2A∪2B = 2A∪B, thenA andB are⊆-comparable.

(83) 2A∩B = 2A∩2B.

(84) 2A\B ⊆ { /0}∪ (2A\2B).

(86)8 2A\B∪2B\A ⊆ 2A−. B.

5 The propositions (61) and (62) have been removed.
6 The proposition (71) has been removed.
7 The propositions (76)–(78) have been removed.
8 The proposition (85) has been removed.
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(92)9 If X ∈ A, thenX ⊆
⋃

A.

(93)
⋃
{X,Y}= X∪Y.

(94) If for everyX such thatX ∈ A holdsX ⊆ Z, then
⋃

A⊆ Z.

(95) If A⊆ B, then
⋃

A⊆
⋃

B.

(96)
⋃

(A∪B) =
⋃

A∪
⋃

B.

(97)
⋃

(A∩B)⊆
⋃

A∩
⋃

B.

(98) If for everyX such thatX ∈ A holdsX missesB, then
⋃

A missesB.

(99)
⋃

(2A) = A.

(100) A⊆ 2
⋃

A.

(101) If for all X, Y such thatX 6= Y and X ∈ A∪B andY ∈ A∪B holds X missesY, then⋃
(A∩B) =

⋃
A∩

⋃
B.

(102) If z∈ [:X, Y :], then there existx, y such that〈〈x, y〉〉= z.

(103) If A⊆ [:X, Y :] andz∈ A, then there existx, y such thatx∈ X andy∈Y andz= 〈〈x, y〉〉.

(104) If z∈ [:X1, Y1 :]∩ [:X2, Y2 :], then there existx, y such thatz = 〈〈x, y〉〉 andx ∈ X1∩X2 and
y∈Y1∩Y2.

(105) [:X, Y :]⊆ 22X∪Y
.

(106) 〈〈x, y〉〉 ∈ [:X, Y :] iff x∈ X andy∈Y.

(107) If 〈〈x, y〉〉 ∈ [:X, Y :], then〈〈y, x〉〉 ∈ [:Y, X :].

(108) If for all x, y holds〈〈x, y〉〉 ∈ [:X1, Y1 :] iff 〈〈x, y〉〉 ∈ [:X2, Y2 :], then[:X1, Y1 :] = [:X2, Y2 :].

(109) If A⊆ [:X, Y :] and for allx, y such that〈〈x, y〉〉 ∈ A holds〈〈x, y〉〉 ∈ B, thenA⊆ B.

(110) If A⊆ [:X1, Y1 :] andB⊆ [:X2, Y2 :] and for allx, y holds〈〈x, y〉〉 ∈A iff 〈〈x, y〉〉 ∈B, thenA= B.

(111) If for everyz such thatz∈ A there existx, y such thatz= 〈〈x, y〉〉 and for allx, y such that
〈〈x, y〉〉 ∈ A holds〈〈x, y〉〉 ∈ B, thenA⊆ B.

(112) Suppose that

(i) for everyz such thatz∈ A there existx, y such thatz= 〈〈x, y〉〉,
(ii) for everyz such thatz∈ B there existx, y such thatz= 〈〈x, y〉〉, and

(iii) for all x, y holds〈〈x, y〉〉 ∈ A iff 〈〈x, y〉〉 ∈ B.

ThenA = B.

(113) [:X, Y :] = /0 iff X = /0 or Y = /0.

(114) If X 6= /0 andY 6= /0 and[:X, Y :] = [:Y, X :], thenX = Y.

(115) If [:X, X :] = [:Y, Y :], thenX = Y.

(116) If X ⊆ [:X, X :], thenX = /0.

(117) If Z 6= /0 and if [:X, Z :]⊆ [:Y, Z :] or [:Z, X :]⊆ [:Z, Y :], thenX ⊆Y.

(118) If X ⊆Y, then[:X, Z :]⊆ [:Y, Z :] and[:Z, X :]⊆ [:Z, Y :].

(119) If X1 ⊆Y1 andX2 ⊆Y2, then[:X1, X2 :]⊆ [:Y1, Y2 :].

9 The propositions (87)–(91) have been removed.
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(120) [:X∪Y, Z :] = [:X, Z :]∪ [:Y, Z :] and[:Z, X∪Y :] = [:Z, X :]∪ [:Z, Y :].

(121) [:X1∪X2, Y1∪Y2 :] = [:X1, Y1 :]∪ [:X1, Y2 :]∪ [:X2, Y1 :]∪ [:X2, Y2 :].

(122) [:X∩Y, Z :] = [:X, Z :]∩ [:Y, Z :] and[:Z, X∩Y :] = [:Z, X :]∩ [:Z, Y :].

(123) [:X1∩X2, Y1∩Y2 :] = [:X1, Y1 :]∩ [:X2, Y2 :].

(124) If A⊆ X andB⊆Y, then[:A, Y :]∩ [:X, B:] = [:A, B:].

(125) [:X \Y, Z :] = [:X, Z :]\ [:Y, Z :] and[:Z, X \Y :] = [:Z, X :]\ [:Z, Y :].

(126) [:X1, X2 :]\ [:Y1, Y2 :] = [:X1\Y1, X2 :]∪ [:X1, X2\Y2 :].

(127) If X1 missesX2 or Y1 missesY2, then[:X1, Y1 :] misses[:X2, Y2 :].

(128) 〈〈x, y〉〉 ∈ [:{z}, Y :] iff x = z andy∈Y.

(129) 〈〈x, y〉〉 ∈ [:X, {z} :] iff x∈ X andy = z.

(130) If X 6= /0, then[:{x}, X :] 6= /0 and[:X, {x} :] 6= /0.

(131) If x 6= y, then[:{x}, X :] misses[:{y}, Y :] and[:X, {x} :] misses[:Y, {y} :].

(132) [:{x,y}, X :] = [:{x}, X :]∪ [:{y}, X :] and[:X, {x,y} :] = [:X, {x} :]∪ [:X, {y} :].

(134)10 If X1 6= /0 andY1 6= /0 and[:X1, Y1 :] = [:X2, Y2 :], thenX1 = X2 andY1 = Y2.

(135) If X ⊆ [:X, Y :] or X ⊆ [:Y, X :], thenX = /0.

(136) There existsM such that

(i) N ∈M,

(ii) for all X, Y such thatX ∈M andY ⊆ X holdsY ∈M,

(iii) for every X such thatX ∈M holds 2X ∈M, and

(iv) for everyX such thatX ⊆M holdsX ≈M or X ∈M.
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